ABSTRACT. The Carathe'odory and Kobayashi distance functions on a bounded domain G in C have related infinitesimal forms. These are the Carathe'odory and Kobayashi metrics. They are denoted by F(z, {■) (length of the tangent vector £ at the point z). They are defined in terms of holomorphic mappings, from G to the unit disk for the Carathe'odory metric, and from the unit disk to G for the Kobayashi metric.
1. Introduction and statement of results. This paper is based on the author's doctoral dissertation [7] . The main results were announced in [8] . At the suggestion of N. Kerzman we have included an approximation theorem which is of independent interest (Theorem 2).
By a metric we shah mean a differential metric in the sense of Grauert and Reckziegel [10] . A topological metric is always referred to as a distance.
Let G be a dounded domain in C". Let A be the unit disk in C. Let A(G) be the set of holomorphic mappings from G to A, and G(A) the set of holomorphic mappings from A to G. Let p be the Poincaré distance on A. Definition 1. The Carathéodory metric on G is the function Fc: G x C" -► R+ defined by [21] Theorem 1. (The notation is explained below.) Let G be a (bounded^)) strongly pseudoconvex domain in C" with C2 boundary. Let F(z, £) be either the Carathéodory or Kobayashi metric on G. Let z0 G 9G. Let 0 be a C2 defining function for oG such that ||Vz0(zo)|| = 1. Then If l/v(z0) = 0, i.e. %is a holomorphic tangent vector to dG at z0, then lim (F(z, %))2d(z, 3G) = ** L^ß)
z-*-zq^£A 1 " 3** ( \tT 2f,/=i dzidzi d(z, dG) is the Euclidean distance to the boundary. Vz0 is the vector (btpßzy ,•", d<p/dzn). %N(z0) is the (complex) normal component of % at z0. A in (ii) denotes a cone of arbitrary aperture with vertex at z0 and axis the interior normal to 3G at z0.
Fix the aperture of the cone A. It is shown that the limits are approached uniformly in vectors % of unit length and in the boundary point z0. It is also possible to reformulate Theorem 1 in such a way that the restriction z G A in the second limit is not needed ( §5.4).
The significance of Theorem 1 lies in (i) the different limiting behavior in (complex) tangential and normal directions (cf. Stein [23] ), and (ii) the appearance of the Levi form as the limiting value of a quantity defined inside the domain.
The approximation theorem is the following:
Theorem 2. Let G be a (pounded) strongly pseudoconvex domain in C" with C2 boundary. Let z0 E dG. Let ip be a peak function for G at zQ. (h)ll/llL"(G)<¿ll/llL"M).
(1) A strongly pseudoconvex domain is by assumption bounded (Definition 4).
Given a multi-index a = (ap • • • , a") of length n, we write D01 =
The constant ¿ can be chosen independently of z0 if the peak function ty depends continuously on z0. Since the uniform statement in Theorem 1 also depends on choosing peak functions in a continuous manner, we discuss this question in §3.2.
The significance of Theorem 2 is that it gives approximation of holomorphic functions up to the boundary. It is used here in studying the boundary behavior of the Caratheodory metric.
Note. One cannot hope to obtain such a theorem with a bound independent of 17.
G. Henkin [14] has independently obtained an estimate for the Caratheodory metric which suffices to show that biholomorphic maps between strongly pseudoconvex domains satisfy a Holder-& condition.
The boundary behavior of the Bergman kernel and metric is a somewhat older question. Bergman [1] obtained results for domains in C2 which, at a given boundary point, admit both interior and exterior 'domains of comparison'. By no means do all strongly pseudoconvex domains have this property. However in [15] Hbrmander showed that the boundary behavior of the kernel function on such domains is a local question. Suitable local domains of comparison could be found for any strongly pseudoconvex domain with smooth boundary. This idea is the basis of our approach.
With a suitable choice of coordinates, analytic eUipsoids ( §2.3) provide local domains of comparison. The metrics and the limits in Theorem 1 can be computed exphcitly for these domains. (They are complex-linearly equivalent to the unit ball.) The reduction to local questions is made possible by the monotonicity property of the metrics ( §2.1), together with (a) for the Caratheodory metric, Theorem 2, and (b) for the Kobayashi metric, and estimate of Royden (Lemma 4).
Related work on the Bergman metric has been done by Diederich ([4] , [5] ). In [4] he obtains statement (i) in our Theorem 1 for the Bergman metric with a factor of (n + l)1'2 on the right-hand side. Statement (ii) with a factor of n + 1 on the right-hand side is contained in [5] .
Recent work on the boundary behavior of the Bergman kernel has been done by Fefferman [6] .
The author is indebted to N. Kerzman for advice and encouragement as well as for the idea for the proof of Theorem 2. He also wishes to thank H. L. Royden for pointing out the relevance of his estimate for the Kobayashi metric.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2. The Carathéodoryand Kobayashi metrics. 2.1. General properties. See §1 for definitions of the metrics and corresponding distance functions. These definitions can be given for arbitrary complex manifolds, but the metrics may be zero in some directions, and the distances zero for distinct pairs of points, in this case. F without a subscript C or K refers to either metric unless specified otherwise. We have (i) Regularity properties. (vh) On the unit disk A both metrics coincide with the Poincaré metric, i.e. F(z, £) = |||/(1 -|z|2). Because the automorphism group of the disk is transitive it suffices to check the equality at the origin. Here it follows from the Schwarz lemma. Hence it is invariant under the full automorphism group of the ball. Since this group is transitive on directions as well as points, the metrics must coincide with (1) except possibly for constant factors.
We claim that both metrics must reduce to the Poincaré metric on the unit disk Aj in (say) the wx plane. Thus no constant factors appear. For, by monotonicity, FB (w, £) <FA (w, £) for w E Ax and % in the wx plane. To prove the opposite inequahty let w: C" -* C be the projection onto the first coordinate.
( 2.3. 7TAe metrics on analytic ellipsoids. Let (a¡j)"j=x he a Hermitian positive definite matrix. We write F(£, z) = £?*K¡'ff$f£y In the terminology of [4] we introduce Definition 3. An analytic ellipsoid is a domain
Given positive constants 0 < c < C we denote by E (c, C) the set of analytic ellipsoids F for which c||z||2 < H(z, z) < C\\z\\2. Notice that H(%, £) -L0£(£).
Proposition 2. 7Ae Caratheodory and Kobayashi metrics on E are both given by (2) <^tf-r §S +
removes the remaining off-diagonal terms. E is transformed into vECn a0\vy-l/a0\2 + Zakk\vk\2<l/a0\ k=2 where a0 = aix -Xk=2\alk\2/akk. Now if we set wi = flo(°i -Vflo). wk = (aoakk)l/2vk> k = 2,'-',n, the transformed domain becomes the unit bah. So if in (1) we make the substitutions (still assuming (a//)"/=2 is diagonal)
Vi =a(£y,
we obtain (2). 2.4. Evaluation of limits for analytic ellipsoids. We shall evaluate the limits in Theorem 1 at the point z0 = 0 of 9F. We impose the restriction z G A in both limits. A, a cone with vertex at 0 and axis the positive real zx axis, is given by A = {z G C"|Re zx > k\\z\\} for some k E (0, 1). We replace d(z, bG) by Re Zy for the moment.
Proposition 3. Let E = {z E C"\<¡>E(z) = -Zy-zx + H(z, z) < 0} be an analytic ellipsoid. Let FE(z, %) be either the Carathéodory or Kobayashi metric on E. Then Since G is bounded there exist positive constants k, K such that fclllfll2 < L0)Z (%) < K\\t\\2 for ah z0 G 3G and % E C". Also suppose 0 is a C2 function compactly supported in U, and e > 0 is sufficiently small. Then <p -e0~ is strictly plurisubharmonic, and C={z6 t/](0 -e0~)(z) <0}U(G-i/)is strongly pseudoconvex.
The expression° i=iaz/ is the Levi polynomial at z0. Expanding (¡> about the boundary point z0 we obtain 0(z) = 2 ReG>Z0(z)) + L0>zo(z -z0) + ofjlz -z0H2)-Since I-0)Z is positive definite and 0(z) < 0 in G n Í/ there is a neighborhood F of z0 for which Re pz (z) < 0 in iTiG. This is of importance for the construction of peak functions. § § 3.2 and 4 depend on properties of certain solutions of the 3-problem for (0, 1) forms on strongly pseudoconvex domains. The interior estimates of the Kohn solution [19] suffice for the construction of holomorphic peak functions. The approximation theorem ( §4) requires the ¿"-estimates of one of the more recent solutions (Grauert-Iieb [9] , Henkin [13]).
3.2. Dependence of holomorphic peak functions on the boundary point. Definition 5. Let G be a strongly pseudoconvex domain in C. Let z0 G 3G. A peak function on G at z0 is a function ty such that (i) 0 is holomorphic on a neighborhood of G;
(Ü) 0(zo)=l; (in) KXz)|<l on G-{z0}.
The existence of peak functions is well known. It is their dependence on the boundary point z0 which is of importance here.
Proposition 4. Let G be a strongly pseudoconvex domain in C" with C boundary. There exist a neighborhood G of G, and a function *:3G x G -*■ C, such that We recall the following facts from [19] : Let G be a strongly pseudoconvex domain with C°° boundary. Let g be a C°° differential form of type (0, 1) in ¿2(G), dg = 0. Then there is a unique C°° function « on G such that (i) bu=g;
(ii) « is orthogonal to the holomorphic functions on G. In this section we shall write u = Sg for this solution. The operator S is linear and bounded in ¿2 :
Where C = C^-We shall write ||g-||, ",;*. for any of the equivalent ¿°° norms on (0, 1) forms
with bounded coefficients. Also C will be used in this section to denote different constants. Proof. In one variable this is obtained from the Cauchy integral formula. Since we can find r > 0 such that r < d(K, bU), it suffices to show the following:
if u E C°°(BJ) (Br is the ball of radius r in C centered at 0), then (2) l"(0)| < C(JMIl2(s } 4-llä"llLco(Br)) 
